Abstract-Mobile handsets, classified as portable devices, are regulated on the amount of user electromagnetic exposure. The widely accepted exposure measurement is the specific absorption rate (SAR). Despite the prevalence of SAR constraints throughout the world, there has been barely any work on the design and analysis of communication signals for SAR-constrained wireless systems. In this paper, we show that multiple-antenna systems greatly reduce the SAR measurements when proper precoders are used. Fifth-generation (5G) and beyond cellular systems will be expected to support high rate uplinks, making multiple transmit antennas on user equipment a necessity. Our proposed SAR-aware transmission for multiple-antenna systems can be applied in 5G handsets to reduce the SAR and increase the rate. Assuming that channel knowledge is available at the transmitter and the receiver, we perform capacity analysis for multiple-antenna systems under both transmit power and SAR constraints. Analytical and numerical results demonstrate substantial performance improvements over schemes that ignore the SAR constraint. Our work shows that SAR-constrained precoders have structures similar to precoders designed for spatially correlated channels.
Organization (WHO) [1] . Recent research [2] shows that nonionizing electromagnetic radiation has an effect, of unknown consequences, on human brains.
To protect users of portable devices, the Federal Communications Commission (FCC) and other regulatory agencies established testing methods and set limiting thresholds on the intensity of the user exposure to the electromagnetic radiation. In the US, every portable wireless communication device intended for sale must be tested and comply with the regulatory limitation enforced by the FCC. For portable devices below 6 GHz, which applies to all current cellular handsets, SAR is the only acceptable compliance metric for user exposure evaluation. SAR is a measure of the power absorbed by the human body per unit mass, with units in W/kg [3] . Currently, the FCC authorizes the testing method and the SAR limitation of 1.6 W/kg average over 1 gram for partial-body exposure in the US [4] .
The rapid and continuing evolution of wireless communication technology makes cellular devices more powerful and complex. Today's phones are equipped with multiple transceivers supporting various standards (e.g., WiFi, Bluetooth, GSM, LTE, etc), and these radios often operate simultaneously on different operating bands, which makes it difficult for devices to meet the SAR constraint. Therefore, SAR management is required in signaling design for future handsets and other portable devices.
The problem of achieving regulatory SAR compliance will be exacerbated when future mobile handsets employ multiple transmit antennas, which is one important new feature introduced by LTE-Advanced (3GPP Release 10 and beyond) in the uplink. As we discuss, the gain and phase relationships between the multiple transmit antennas can cause large variations in SAR. Because regulators focus on worst-case SAR readings, techniques that are designed without regard to SAR would require the transmit power to be decreased until the worstcase gain and phase combination satisfies the SAR constraint. Therefore, the far-field capacity improvements provided by multiple-input multiple-output (MIMO) are intertwined with near-field SAR problems caused by multiple transmit antennas. Surprisingly, this could even mean that a single transmit antenna system provides a larger achievable rate than a multiple transmit antenna system if the SAR constraint is ignored in signal design. This is because the MIMO system will require a power reduction factor since it has a larger worst-case exposure. Therefore, near-field constraints should be taken into account during uplink precoding and signal design to ensure the massive capacity increase for 5G and beyond wireless communication systems is not compromised by the SAR constraints. Multiple transmit antennas in a single device will make 5G not only a power-constrained wireless communication system but also explicitly a SAR-constrained system. Fortunately, we can take advantage of a MIMO system's large SAR variations with proper signal design to reduce SAR values for portable devices. In this paper, a SAR-aware transmission is presented with multiple transmit antennas to achieve a lower SAR value and a higher rate.
Handset designs that deal with SAR mitigation were first addressed with low SAR antenna designs [5] , including auxiliary antenna elements, ferrite loading, special high impedance surfaces, and metamaterials. There has been much less work addressing the effect of multiple transmit antennas on SAR. In [6] , a two-antenna phased-array transmission strategy is shown to effectively reduce SAR. In [7] , experimental and simulation results demonstrate that the SAR value can be characterized as a function of the phase difference between two transmit antennas. More related work on SAR reduction and modeling with multiple antenna systems can be found in [8] , [9] .
The problem of jointly optimizing far-field communication system performance subject to a constraint on near-field electromagnetic exposure has received very little attention. Recent research in [10] discusses new approaches for SAR-aware wireless communication systems that jointly optimize the near and far-field performances of multiple antenna systems by incorporating the SAR constraint into multiple antenna signal design. This work developed a framework for modeling SAR as a quadratic function of the transmitted signals [7] . Under the same SAR model, the SAR reduction problem is addressed from a coding perspective that gives rise to the design of SAR codes in [11] , [12] . The proposed SAR codes outperform the popular Alamouti space-time code by 2.5 dB in probability of error on a SAR-constrained channel.
In this paper, we apply similar signal level modeling for SAR as employed in [10] [11] [12] . We perform capacity analysis for multiple antenna systems having transmit and receive channel knowledge under both transmit power and SAR constraints. Without any SAR limitations, a precoder generated by waterfilling maximizes the channel capacity [13] , [14] . In this paper, we prove that a modified version of traditional water-filling yields the maximum channel capacity with additional SAR constraints. Furthermore, we reveal that the effect of the SAR constraints is similar mathematically to an effective correlation at the transmitter side. Our initial results are available in [15] and [16] .
The SAR value varies significantly with mobile phone orientation relative to the human body [12] . Regulatory agencies set various exposure limits for different parts of the human body. For instance, the FCC enforces a SAR limitation of 1.6 W/kg for partial body exposure, which applies to the human brain, and 4.0 W/kg for hands and wrists exposure. Therefore, we investigate system performance when one or more SAR constraints are imposed on a portable device in this paper. In [10] , it was shown that a SAR constraint was well modeled as a quadratic function of the transmitted signal. Hence, we optimize a capacity maximization problem with multiple quadratic SAR constraints in this paper.
Optimization problems with multiple quadratic constraints have been explored in various scenarios with MIMO systems [17] [18] [19] [20] [21] . Most published quadratically constrained problems are convex. Therefore, they can be solved using standard convex optimization methods, e.g., interior point methods [22] . Optimization tool packages [23] , [24] can efficiently deal with these convex optimizations. However, we consider a quadratically constrained capacity maximization with a rank-constraint in this paper. The rank-constraint yields non-convexity and greatly complicates the problem. We introduce a modified water-filling algorithm to solve the optimization problem, and we prove its optimality by induction.
The remainder of the paper is organized as follows. In Section II-A, we introduce the SAR model in detail and formulate the optimization problems considered in this paper. In Section III, we analyze the channel capacity with additional SAR constraints. We discuss the notion of an effective channel, and we reveal that the effect of the SAR constraint on the system performance is similar to an effective correlation on the transmitter side. We show that a modified version of water-filling over this effective channel is capacity achieving. In Section IV, we present simulation results of our proposed SAR-aware precoding, and we compare the performance with techniques that simply reduce power to mitigate SAR, which will be defined later.
Notation: In the rest of this paper, all boldface letters indicate matrices (upper case) or vectors (lower case). The notations tr(A), |A|, A H , rank{A} are the trace, determinant, conjugate transpose, and rank of matrix A, respectively. A = diag{a} denotes the diagonal matrix A with diagonal entries specified by the vector a. A [1:k] is a matrix truncated from A with its first k columns.
II. SYSTEM MODEL AND PROBLEM FORMULATION

A. Multiple Antenna System Model
We consider an uplink MIMO communication system with N T transmit antennas at the portable device and N R receiver antennas at the base station, and we assume the transmission is narrow-band. The input-output relationship can be modeled by
where x ∈ C N T ×1 is the transmitted signal, y ∈ C N R ×1 is the received signal, and n ∈ C N R ×1 is the additive white Gaussian noise vector distributed as n ∼ CN (0, σ 2 I). We assume that the channel matrix H ∈ C N R ×N T is known at both the transmitter and receiver side. The transmitted signal is modeled as
where F ∈ C N T ×M is the precoder, s ∈ C M is the vector of M data streams, and M ≤ N T . For simplicity, the data streams are modeled as being drawn from a distribution with zero-mean and unit-variance, i.e., E{s} = 0 and E{ss H } = I. The received signal is expressed as
For a fixed channel realization and precoder F, the mutual information I(s; y) is formulated as [13] 
Therefore, the channel capacity given a fixed precoder F can be formulated by
where the optimal distribution of s, subject to an identity covariance denoted by p(s), is circularly symmetric complex Gaussian. Moreover, the precoder F defines the input covariance constraint E{xx H } = FF H . The goal of this work is to derive an optimal expression for F as a function of H that maximizes the capacity subject to transmit power and SAR constraints.
B. Impact of Multiple Antennas on SAR
As we discussed before, portable wireless communication devices are subject to regulation limits on electromagnetic nonionizing exposure in terms of the specific absorption rate. The SAR value can be expressed as [3] 
where κ is the conductivity of tested material, E is the root mean square (RMS) electric field strength, and ρ is the density of material. In general, the electric field is not spatially uniform, and it can vary with respect to the transmit signal x in a multiple antenna system. For example, in a two-antenna system with equal gain transmission of the form x = √ P/2 [1, e jθ ] T where P is the transmit power, experimental results demonstrate that SAR value measurements match closely with a sinusoidal function of the phase difference θ between two antennas [7] given by
with r 1 and r 2 both positive constants with units of kg −1 . For example, the SAR data measured and simulated in [7] is properly parameterized by r 1 = 2.6 kg −1 , r 2 = 4.6 kg −1 and ϕ = 0.8π as shown in Fig. 1 .
In this paper, we use the same modeling approach developed in [10] [11] [12] , and the SAR is a quadratic function of the transmitted signal x. Since SAR is measured as a time-averaged quantity, we model the SAR with a time-averaged quadratic constraint given by
For the above two antenna example, we have the corresponding SAR matrix
with a 1 + a 3 = 2r 2 and a 2 = r 1 . Detailed derivation and verification of the proposed SAR model can be found in [11] , [12] . More SAR simulation results for two and three antennas are also available in [12] .
In this paper, we concentrate on wireless systems operating below 6 GHz, where the SAR is adopted and enforced as a major measurement for user exposure. From the simulation results in [7] , we observe that SAR measurements do not vary significantly over a relatively wide range of carrier frequencies (1.8-2 GHz). Therefore, we concentrate on narrow-band precoder optimization.
Multiple SAR constraints can be imposed on a device. The FCC tests exposure on the whole body, partial body, hands, wrists, feet and ankles. Different testing areas have different SAR matrices, and multiple SAR constraints may need to be satisfied simultaneously. The SAR matrix changes with respect to the relative position between a device and the user head (or other testing area). Therefore, multiple SAR constraints are also introduced by various user gestures. We generalize the SAR constraints as
where K is the number of SAR constraints and each Q i denotes a real number corresponding to a specific SAR limitation. Considering both SAR and transmit power constraints, the maximum channel capacity analysis problem for a fixed M is (PC) max
In the following sections, we solve the above optimization problem for given constraints P and {Q i }, channel matrix H, and SAR matrices {R i }.
Today's single transmit antenna systems deal with the SAR constraints using a power back-off approach. The general idea is to design the signaling algorithms using only a transmit power constraint, check to see if the final design satisfies the SAR regulations, and reduce the transmit power if necessary. This power reduction approach works because the FCC requires that the worst-case SAR reading of each portable device satisfy the SAR threshold. If we map the power back-off method to a multiple antenna transmitter, the worst-case SAR is given by
To achieve worst-case compliance, we would require that SAR
To satisfy the SAR constraints, the transmit power P is reduced to αP where α is a power back-off factor chosen as
A more sophisticated alternative to a worst-case back-off is an adaptive back-off method [10] . Suppose a portable device chooses the precoder only using a transmit power constraint for a given channel realization H as
The optimized precoding matrix is then checked using the quadratic SAR model to see if regulations are satisfied. If they are not, the transmit power is reduced using the power reduction factor
The power back-off factor is calculated by using the current precoder instead of the worst-case one, and the precoder for transmission is F = √ α F 0 F 0 . Although the adaptive back-off method provides improvements in most popular performance metrics over a worst-case power back-off [10] , it is still highly sub-optimal. In fact, the rate can actually decrease in certain scenarios as the power increases. For example, in Fig. 2 , we plot the achievable rate of the adaptive back-off method with a transmit power constraint and a single SAR constraint averaged over 1000 channel realizations, demonstrating the mentioned unusual behavior. We fix Q = 1.6 and let the power constraint grow large. The adaptive-off method yields a decreasing rate for rank-2 and rank-3 precoders, and the rank-1 precoder eventually provides the best performance.
In Fig. 3 , we provide a graphical explanation of the adaptive back-off's behavior. Suppose we have a 3-by-3 channel matrix H with the singular value decomposition (SVD) To satisfy the SAR constraint, the method reduces the power in each subchannel by the same factor α, which is highly sub-optimal. This is the reason for the unusual rate behavior in Fig. 2 . (c) The water-filling result for total power αP for comparison.
The adaptive back-off method only considers the power constraint first. For a rank-3 precoder, the water-filling process allocates power into all three subchannels when the power constraint P is relatively large. Fig. 3(a) is an illustration of the water-filling result for a large P on H. The water-filling level p satisfies
In the second stage, the method scales the transmit power to satisfy the SAR limitation. However, this simply reduces power on every subchannel with the same factor α as shown in Fig. 3(b) . Compared to Fig. 3(c) , which is the optimal waterfilling result on H with total power constraint αP, the adaptive back-off method wastes power on some unfavorable subchannels, i.e., subchannels 2 and 3 in the figure. All power should be poured into subchannel 1 for a higher rate. Therefore, the rank-3 precoder can yield worse performance than the rank-1 precoder with the adaptive back-off method. This phenomenon is a good illustration of the fact that a near-field regulatory limitation can greatly affect the far-field performance. In the following sections, we introduce an optimal transmission strategy for capacity maximization.
In this paper, we assume perfect knowledge of the channel matrix H at both transmitter and receiver. This assumption is adopted for all three precoding methods. Transmit channel state information can be obtained via channel reciprocity in a time division duplex (TDD) system with careful calibration. In a frequency division duplex (FDD) system, limited feedback methods are used to inform the transmitter of the current channel state, and the transmitter only has access to an estimated channel matrix in general. The detailed estimation and feedback algorithms are beyond the scope of this paper. Moreover, our proposed SAR-aware method can be used with an estimated channel matrix.
III. CAPACITY ANALYSIS FOR MULTIPLE SAR CONSTRAINTS
In general, the capacity maximization problem (PC) is non-convex due to the rank constraint. The SVD-based dual optimization method [19] , [21] does not promise an optimal solution because the duality gap is not necessarily zero. However, in this section we prove that a modified water-filling algorithm can still generate the optimal precoder with the rank constraint and that the Lagrange dual is in fact a strong dual for (PC).
The Lagrangian of (PC) is formulated as
where μ and λ i , i = 1, . . . , K are dual variables for the power and SAR constraints. We first state the following proposition, showing the precoder formulation that maximizes the Lagrangian given μ and
λ i R i . Suppose that HK −1/2 has a SVD given by
The precoder maximizing the Lagrangian is
Proof: See the proof in Appendix A. Note that [21, Proposition 3.1] is a special case of the above proposition with two quadratic constraints and no rank constraint. The precoder F λ,μ is regarded as a function of the dual variables.
Define the objective function of the dual problem as
We can find a set of optimal dual variables μ opt and λ opt that minimize the dual according to
However, the precoder F λ opt ,μ opt generated by these optimal dual variables is not guaranteed to be optimal because, in general, the duality gap between a non-convex problem and its dual is strictly larger than zero. Therefore, we state the property of the optimal precoder in the following proposition. Note that (PC) can be transformed into
with Z = FF H for simplicity and
Proposition 3.2:
If there exist dual variables λ, μ and corresponding Z λ,μ = F λ,μ F H λ,μ that satisfy the conditions (23) for all i = 1, 2, . . . , K, then F λ,μ is the optimal precoder for (PC).
Proof: See the proof in Appendix B. Furthermore, we notice that if such dual variables exist, denoted as μ (0) and λ (0) , then the Lagrange dual is a strong dual for (PC). Notice that
The last inequality comes from the fact that the duality gap of an optimization problem is always non-negative. Therefore, we have
It also means that λ (0) = λ opt and μ (0) = μ opt are optimal dual variables, and F λ opt ,μ opt is indeed the optimal precoder. Note that all statements above rely on the assumption that the dual variables λ and μ described in Proposition 3.2 exist. In general, this assumption is not true for a non-convex problem.
Proposition 3.3: There exist dual variables λ, μ, and F λ,μ that satisfy the conditions listed in Proposition 3.2.
We prove the existence of such λ, μ and corresponding F λ,μ by induction. We first examine a problem with only one quadratic constraint, and we introduce a dummy matrix T 0 to yield the problem
We show that there exists a dual variable μ (0) ≥ 0 and corresponding Z μ (0) that satisfy the Proposition 3.2 conditions
First, we assume μ = 0 and obtain
which can be solved using Proposition 3. Proof: See the proof in Appendix C. Hence, we can search along μ > 0, and there must exist a μ (0) such that tr(Z μ (0) ) = P, The existence of optimal dual variables is then proved for (PC-1). Note that if T = 0, then (PC-1) is just a capacity maximization problem subject only to a power constraint. Our results coincide with the well-known solution in [14] . Now, we assume the proposition is true for a problem with K quadratic constraints specified by the problem
where T 0. Suppose there exists μ (0) , λ (0) and corresponding Z λ (0) ,μ (0) that satisfy the Proposition 3.2 conditions
for all i = 1, 2, . . . , K − 1. Based on the hypothesis, we prove the existence of the optimal dual variables for a problem with (K + 1) constraints, which is formulated as
Consider the following problem with K constraints:
From the hypothesis, we know that for any λ K ≥ 0 there always exists a set of dual variables μ(λ K ), λ(λ K ) (as functions of λ K ) and
We then get a set of dual variables μ(0), λ i (0), i = 1, 2, . . . , K − 1, λ K = 0, and Z 0 that satisfy (23) by combining the hypothesis (28) and (29). The proposition holds for a problem with K + 1 quadratic constraints. Otherwise, we have tr(R K Z 0 ) > Q K . Similarly to the problem with one constraint, we have the following lemma.
Lemma 3.5:
Proof: See the proof in Appendix D. Therefore, we can search along λ K ≥ 0, and there must exist a λ (0)
, meaning the optimal dual variables are found for the problem with K + 1 quadratic constraints. If we make T = 0, then we have proved the existence of the optimal dual variables described in Proposition 3.2 for any number of constraints by induction. This ends the proof of Proposition 3.3.
Therefore, the Lagrange dual is a strong dual for (PC), and we can obtain the optimal dual variables μ opt and λ opt by minimizing the dual problem (21) . Regardless of the primal problem, a dual problem is always convex so standard convex optimization tools can be applied to solve it. In our simulation, we use a sub-gradient method to obtain the optimal dual variables. Given μ opt and λ opt , the corresponding F λ opt ,μ opt generated by Proposition 3.1 is the optimal precoder for (PC). We summarize this section with the following theorem. 
where = diag (g 1 , g 2 , . . . , g n ) with g 1 ≥ g 2 ≥ . . . ≥ g n ≥ 0. Then the rate-maximizing precoder is given by the modified water-filling result
Proof: Proposition 3.2 ensures that F λ opt ,μ opt is the optimal precoder that maximizes the capacity given the transmit power and SAR constraints. The expression of F λ opt ,μ opt is given by Proposition 3.1.
Note that the SAR constraints create an effect on the precoder design similar to having a channel correlation K −1/2 at the transmitter side. The optimal precoder always chooses the M strongest subchannels of the effective channel matrix HK −1/2 and waterfills over them. To balance the additional correlation, signals also go through a virtual correlation K 1/2 after the source. Therefore, a post-coding matrix K −1/2 is applied. This results in the capacity subject to the power and SAR constraints given by
where g i with i = 1, 2, . . . , M are given by the SVD of the effective channel HK −1/2 as (18). The proposed optimal SAR-aware precoding requires more computational complexity than both back-off methods. However, the proposed method brings around 1.4 dB gain over the adaptive back-off method as shown in simulation results in Section IV. The performance improvement is more substantial when the SAR constraint becomes dominant. The proposed method does not have the "decreasing rate" problem of the adaptive back-off method due to its sub-optimal precoder. Therefore, it is worth exploring the optimal precoder in the SAR-aware transmission. Moreover, the optimal precoder first reveals the role of the SAR constraints in MIMO signaling.
IV. SIMULATION RESULTS
In this section, we present simulation results for the proposed approach. We performed Monte Carlo simulations using uncorrelated Rayleigh fading channel realizations. We first present the results with a single SAR constraint. The SAR characteristic matrix we used in the simulations for four transmit antennas is given by The power constraint is fixed at P = 0.2 W, and the SNR is set to be 0 dB. For a two-antenna system, the rank-1 transmission is marked as " ," and rank-2 is marked as " ." For a four-antenna system, the rank-2 is marked as " ," and the rank-4 is marked as " ."
We use its upper-left 2 × 2 submatrix as the SAR matrix for two transmit antennas simulations. This SAR matrix is manually generated to demonstrate the performance of the proposed precoding method. Note that all diagonal elements of R are 8 kg −1 . Therefore, if only one antenna transmits with a power of 23 dBm = 0.2 W, the SAR value is 0.2 × 8 = 1.6 W/kg, so the SAR limitation is observed. However, if all antennas are used for transmission, then the worst-case SAR reading with a total power of 23 dBm is about 3.8 W/kg. Therefore, a portable device with this SAR matrix has to reduce the transit power by a factor of 0.43 due to the 1.6 W/kg SAR constraint, and the far-field performance will suffer severe degradation. We compare our proposed capacity achieving method against the two back-off methods introduced in Section II-A. We simulate with two and four transmit antennas at a device, which are supported by LTE-Advanced. We assume eight receive antennas at a base station in all simulations.
In the following simulation plots, the proposed optimal precoding method is plotted in red, and the adaptive back-off and power back-off methods are plotted in black and blue, respectively. We simulate four different precoding scenarios. For a two-antenna system, we simulate the rank-1 (beamforming) transmission, which is marked as "squares," and rank-2 precoding, which is marked as "circles." Rank-2 and Rank-4 precoding is applied to a four-antenna system, and they are marked as "down-triangle" and "up-triangle," respectively.
In Fig. 4 , we fix the transmit power constraint P = 23 dBm = 0.2 W, which is a common maximum transmit power for a cell phone, and let the SAR constraint vary. The channel and noise are scaled to give a 0 dB SNR. In all scenarios, the simulation results demonstrate that both proposed algorithms and the adaptive back-off method provide substantial capacity improvement compared to the power back-off. Therefore, the SAR constraints have a large impact on the far-field performance of a portable device with multiple transmit antennas. For small Q-values, the proposed SAR-aware transmission has a large capacity gain over the adaptive back-off method. In a practical cell phone design, the targeted SAR value should be smaller than 1.6 W/kg to leave some margin for compliance testing. For a large SAR limitation, the adaptive back-off method soon catches up with the proposed optimal precoding method and yields the same rate. The back-off method will also give the same performance if the allowable SAR value is extremely large, which is true when the power constraint becomes the dominant constraint.
In Fig. 5 , we present the capacity curves versus the transmit power constraint. The SAR constraint is fixed to Q = 1.0 W/kg and the noise variance is σ 2 = 0.2. As above, our proposed method helps to increase the capacity over both back-off methods, and the gain is substantial for a large power constraint. Note that the unusual "decreasing behavior" of the achievablerate for the adaptive back-off method, as mentioned in Section II-B, is again visible for four transmit antennas results.
In Fig. 6 , we plot the capacity versus SNR with the power constraint fixed to P = 0.2 W and the SAR constraint fixed to Q = 1.0 W/kg. The simulation demonstrates that our approach has roughly a 1.4 dB gain compared to the adaptive back-off method and a gain of over 10 dB compared to the power backoff method.
The performance gain of the proposed SAR-aware transmission depends on the SAR matrix R and the constraint values. However, as shown in the above simulation results, the back-off method has a large performance gap compared to the SAR-aware methods, including the proposed method, which is optimal, and the adaptive back-off method, which is suboptimal. Therefore, we conclude that incorporating SAR constraints in signal design is essential for future portable devices with multiple antennas.
We next present some simulation results with two SAR constraints. We use the SAR matrix in (34) to characterize the effect of the additional SAR limitation. The upper left 2 × 2 submatrix is used as a two-antenna SAR matrix. Note that this SAR matrix is also manually generated to demonstrate the performance SAR-aware methods.
In Fig. 7 , we present the capacity curves versus the increasing power constraint when both SAR constraints are fixed. The maximum allowable SAR value for the SAR matrix (33) is Q 1 = 1.0 W/kg, and Q 2 = 0.8 W/kg is the limitation for the SAR matrix in (34), shown at the bottom of the page. The noise variance is σ 2 = 0.2. The capacity is increased by our proposed precoding method, especially in the high power regime. Note the "decreasing rate" phenomenon of the adaptive back-off method for 4 transmit antennas.
In Fig. 8 , we plot the capacity results versus SNR with the constraints fixed to P = 0.2 W, Q 1 = 1.0 W/kg, and Q 2 = 0.8 W/kg. We obtain a 1.5 dB gain over the adaptive back-off method and a more than 10 dB gain over the power back-off method.
V. CONCLUSION
In this paper, we investigated multiple antenna system transmit precoding performance under simultaneous transmit power and SAR constraints. SAR-constrained channel is mathematically similar to a channel with spatial correlation at the transmitter side. Given perfect transmit and receive channel knowledge, we proved that a modified version of the water-filling algorithm on the effective channel generates the optimal precoder that maximizes the capacity. We solved a capacity maximization problem with a rank constraint, and we proved that the Lagrange dual is in fact a strong dual to the primal problem by induction. Previous communication and information theoretic research and design only considered a transmit power constraint when optimizing metrics for system performance. A precoder designed using only the transmit power constraint will have to back-off the transmit power if a device fails to achieve the SAR regulatory compliance. In other words, existing techniques sacrifice the far-field performance in order to satisfy the near-field regulatory limitation. Our proposed SAR-aware transmission is able to jointly optimize the near and far-field performance. It exploits the SAR variation in a MIMO system and employs an intelligent form of precoding on the transmit signal to achieve low SAR values. The analytical and simulation results demonstrate that proposed approach can provide a substantial improvement over widespread back-off methods.
APPENDIX
A. Proof for Proposition 3.1
If we remove the constant term μP (17), then maximizing the objective function is equivalent to maximizing the following expression
Using the definition of K, we can rewrite
By substitutingF = V H K 1/2 F, (36) can be transformed to
In (37), we apply the SVD of matrix HK −1/2 , and the last equation comes from log |I + AB| = log |I + BA|. Optimizing (38) is equivalent to solving
The inner maximization is obtained by the water-filling [14] . Thus, the outer maximization becomes
or equivalently
For all g > 0, function γ (t) = {log(gt)} + − t − 1 g + is maximized at t = 1. The derivatives of γ (t) are
For all g > 0, dγ dt = 0 and
Thus the above summation is also maximized at t = 1. Therefore, the optimal
, and the optimal precoder is given by
B. Proof for Proposition 3.2
Note Z λ,μ is defined as the maximizer of the Lagrangian
Then for any feasible precoders F and Z = FF H that satisfy all power, SAR and rank constraints,
Given the conditions
the left side of (46) is equal to log I + 1 σ 2 HZ λ,μ H H . For any feasible Z,
and the right side of (46) is greater than or equal to log I + 
and
Therefore the precoder F λ,μ with F λ,μ F H λ,μ = Z λ,μ is optimal for (PC).
C. Proof for Lemma 3.4
Suppose μ 1 > μ 2 > 0 and define the corresponding pre-
with i = 1, 2. Therefore, by definition
with j, k ∈ {1, 2} and j = k. Denote
The above inequalities yield
Therefore, Therefore, 
for i = 1, 2, and C = tr(R K Z 1 ) − tr(R K Z 2 ). The above inequalities yield
We can then prove that for all j = 1, 2, . . . , K, B 
where K = T + 
where A B means (B − A) is positive semi-definite. Hence, we can bound the largest eigenvalues of K −1/2 R K K −1/2 as
Moreover, we have η
Finally we can bound tr(R K Z λ K ) with
Namely, lim
